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APPROXIMATING CLASSES OF FUNCTIONS DEFINED BY 
OPERATORS OF DIFFERENTIATION OR OPERATORS OF 
GENERALISED TRANSLATION BY MEANS OF ALGEBRAIC 

POLYNOMIALS 

N. SH. BERISHA AND F. M. BERISHA 



C _ ) Abstract. In this paper, approximation by means of algebraic polynomials 

£N| ■ of classes of functions defined by a generalised modulus of smoothness of op- 

erators of differentiation of these functions is considered. We give structural 
characteristics of classes of functions defined by the order of best approxima- 
tion by algebraic polynomials. 



1. Introduction 



< 

pTn ' In a number of papers (see e.g. [5J [T] El [5] H31 HI]) approximation of classes of 

, functions denned by symmetric or asymmetric operators of generalised translation 

by means of algebraic polynomials is considered. 

In our paper we consider the approximation of classes of functions defined by 
generalised modulus of smoothness of derivatives of these functions. In more general 
terms, we consider approximation by algebraic polynomials of certain generalised 
£NJ ■ Lipschitz classes of functions. 

I> " By L p [a,b] we denote the set of functions / such that for 1 < p < oo / is a 

measurable function on the segment [a, b] and 

O / f b \ i/p 

c^: n/iip = [j a \m\ p dxj <co, 



and for p = oo the function / is continuos on the segment [a, b] and 

ll/IL= ^ax \f(x)\. 

a<x<b 



In case that [a, b] = [—1,1] we simply write L p instead of L p [— 1, 1], 
' Denote by L p , a ^ the set of functions / such that f(x)(l — x) a (l + x) 13 £ L p , and 

put 

\\f\\ P ,a, P = \\f(^-^ a (l+^%- 

By £^ n (/)p, Q , l 8 we denote the best approximation of the function / G £p,a,/3 by 
means of algebraic polynomials of degree not greater than n — 1, in £ p ,a„a metrics, 
i.e. 

En{f)p,a,p = mf ||/ - Pn\\ Piat p , 

where P n is an algebraic polynomial of degree not greater than n — 1 . 
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For a summable function / we define the asymmetric operator of generalised 
translation T t (/, x) by 



ll{l-X 2 ) 

dz 



^ (l - R 2 - 2 (f - z 2 ) sin 2 t + 4 (i - x 2 ) (l - z 2 ) 2 sin 2 i) /(i?) 



2 " 



where i? = xcosi — z\/l — x 2 sini. 

For a function / G L v , a $ we define by means of this operator of generalised 
translation the generalised modulus of smoothness by 

£>(/, 5) P ,a,p = sup f t (f,x)-f(x) 

\t\<8 P,ot,/3 

We say that is a function of modulus of continuity type if 

(1) tp is continuos and non-negative function on the interval (— 1, 1], 

(2) ifih) < c v .Mh) (0 < h < t 2 < 1), 

(3) <p(2t) < C v , 2 ip(t) (0<t< |). 

We say that a function f(x) has the derivative of order r inside of the interval 
(— f , 1) if the function f{x) has the absolutely continuos derivative of order r — 1 
in every segment [a,b] C (—1,1). From the last condition it follows that almost 
everywhere on the segment [a, b] there exists the finite derivative of order r, which 
is a summable function on that interval. 

Denote by D XtV ^ the following operator of differentiation 

d 



D x ^ = (1 - x 2 ) — + (/i - v - (y + n + 2)ar)^, 



and put 



Dl, v J(x) = I),,, J-.rU 

Di,»J{x) = D x ^ (Dl-)j{xj) (r = 1, 2, . . . ). 

We say that / € AD(p, a.,0) if / e Lp, a ,0i the function / has the derivative 
-jhf{x) absolutely continuos on every segment [a, 6] C (—1,1) and D X:U _ fl f(x) € 

By Pn^\x) (n = 0,1,...) we denote the Jacobi's polynomials, i.e. algebraic 
polynomials of order n, orthogonal to each other with weight (1 — xY(l + x)^ on 
the segment [—1, 1] and normed by the condition P^'^iX) = 1 (n = 0, 1, . . .). 

Let ^ > fx > — g. The following symmetric operators of generalised translation 
(see e.g. [5J [TJ [51 [71 [5])) will have an auxiliary role below: 

(1) for v = fj, = — I 

StU,x,v,n) = i(/(Qx,t,i,i) - /(Qx,-t,i,i)); 

(2) for = > -| 
5 t (/,a;,i/,/i) = -i T / /(Q s , w )(l-2 2 )" - ' ^; 



l 



(3) for 2/ > /x = — i 



St(f,x,v,fjt) = I f{Q x .t,i,z)(l~ z 2 Y 2 dz; 
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(4) for v > fj, > -i 
S t (f,x,v, n) 

= f f /(Q^.«)(l-^ 2 )"" M " 1 ^ +1 (l-« 2 )' 1 "' dudz, 

7l^i A*j Jo J-i 

where 



)x,t,z,u — xcost + zu\/T- rr^ sint — (l — u 2 ) (1 — a;) sin 2 — , 



7 (i/) = J 



J-l 

2. Auxiliary statements 

We need the following lemmas in order to prove our results. 

Lemma 2.1. Let P n {x) be an algebraic polynomial of order not greater than n — 
1 < P < oo, p > 0, a > 0; 

a > , (3 > for 1 < p < oo, 

p p 

ct > 0, f3 > for p = oo. 
The following inequalities hold true 

\\K(x)\\ Pia+itP+k <c in \\p n \\ PithP , 

where constants C\ and Ci do not depend on n. 

Lemma 12.11 is proved in [3] . 

Lemma 2.2. Let be given numbers p, a, j3 and 7 such that 1 < p < 00, 7 
min{a, f3}; 

7 > 1 — — for 1 < p < 00, 
2p 

7 > 1 for p = 00 . 

Lei e &e an arbitrary number from the interval < e < \ an d let 

\a-f3 if a > j3 _ J if a > [3 

71 } ifa<(3, 72 ~ \(3 -a if a < (3; 



for 1 < p < 00 

73 

for p = 1 

73 



7-| + i+e */7>§-i 
ifl<l-h 



7 - 1 «/ 7 > 1 
«/7<l. 
T/ien i/ie following inequality holds true 



1 +273 11 1 +2(71+72+73) 11 j-ii A 

IIj \\p,a— 73. P— 73 "p, a— 71-73, /3-72— 73 / : 
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where constant C does not depend on f and t. 

Lemma 12.21 is proved in [13] . 

Lemma 2.3. Let be given positive integers q and m and let f G £1,2,2- The function 

1 r* /sin 2^ \ 29+4 

Q(x) = — T t (/, x) sin 3 1 dt, 

Irn Jo \ SID. 5 J 

where 

r /sm f\ 29+4 . 3 j 

Jo V sin § y 

is an algebraic polynomial of degree not greater than (g + 2)(m — 1). 

Lemma 12.31 is also proved in [T3] 

Lemma 2.4. Let f G L p , Q .^ and let be given numbers p, a, fi, p and a such that 
1 < P < 00, P > 0, a > 0; 

a > — , (3 > — for 1 < p < 00, 
p p 

a > 0, ft > for p = 00. 
Let if be a function of modulus of continuity type such that 

(1) E ^°"VQ)<^3^VQ 

j=n+l V 

where Ao = max{p, cr} and constant does not depend on n. If there exists 

a sequence of algebraic polynomials P n {x) of degree not greater than n — 1 (n = 
0,1,...) such that 



\\f-Pn\\ p , a+p , p+ „<cw(iy 



then there exists a sequence of algebraic polynomials R n (x) of degree not greater 
than n — 1 {n = 0, 1, . . . ) such that 



\\f-Rn\\ p , a ,p <C 2 n 2A v(^), 



where constants C\ and C2 do not depend on f and n. Also we have 

R 2 n(x) = P 2 n(x). 

Proof. We consider the sequence of algebraic polynomials Q n (x) of degree not 
greater than 2™ — 1 given by 

Q k {x) = P 2k {x) - P 2k -i{x) (fc = l,2,...) 

and Qo(x) = P\(x). From the conditions of the lemma it follows that 



\Q k Wp,a+p,P+o - lK2* _ f\\p,a+p,/3+<T + 11/ 1 



Considering the properties of the function ip we get 

1 



Applying Lemma 12.11 and that evaluate we obtain 

\\Q k \\ P ^ P <c 5 2^w^ 
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There from 

OO OO / 



k=0 k=0 x 

Note that considering the properties of the function tp we have 



2 k+1 -l 

2Xo-l 



E^-v(i),w(i) t> 



So, we get 

00 00 2 fc +* — 1 / 1 \ 00 / 1 

Eh^iu^E E ; 2A °-M^)=c 7 e* 2A °-vQ 

Thus, inequality ([1} yields 



fc=0 

Hence, considering the conditions of the lemma it follows that the series X^fclo Q k ( x ) 
converge to f(x) in terms of L p [a, b] for every segment [a,b] C (—1,1). 
Now we consider the expression 

I=\\f-P»^\\ Pta , p - 
From what we said above it follows that 



i< E ii<wu^<* E 22fcAo n^ 



=iV+l 

00 2 fc+1 -l 

< 



00 2*^-1 - x 00 , 

cs E E i 2A ^ = c « E ^ Ao -v(t 



fc=AT+l J= 2 fc y ^ ' k=2 N + 1 ^ 

Considering the inequality ([l} and the properties of the function tp we obtain that 

where constant C10 does not depend on / and AT. 
Put 

R n (x)=P 2 n(x) (2 N ~ 1 <n<2 N ), 

we get 

11/ - Rn\\ p , a , < C W 2^^ ^ < Clin 2x 0(p (Vj . 

Lemma l2~4l is proved. □ 



Lemma 2.5. Lei 6e given numbers p, a, f3, v, and fi such that 1 < p < 00, 
(1) ifv = fi = -\, then a = /3 = -i; 
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(2) ifv = fj,>—h, then a = (3, an 
1 



2 < a < v forp=l, 
± <a<v+ l --±- forl<p<oo, 

< a < v + — for p = oo ; 



(3) if ' v > [i = — o , t/ien ,9 = — , and 



1 r 

-- < a < ^ forp=l, 

_i<a<„+±-i forl<p<oo, 

< a < i/ + — /or p = oo ; 



(4) if is > (j, > —7}, then v — [i > a — /3 > 0, and 

~ < P < M forp = l, 

-— <P<fJ.+ ~-— forl<p<oo, 
2p 2 2p 

< f3 < fj, + — for p = oo. 

For f(x) £ AD(p,a, 0) the following inequality holds true 

C 

E n {f)p,<x,fs < ^ W D xwf( x )\\p, a ,p ' 
where constant C does not depend on f and n. 

Proof. We choose the positive integer q such that q > v. For every positive integer n 
we choose the positive integer m such that 

n — 1 n — 1 
< m < + 1. 

q + 2 ~ q+2 

In [B] and [7] it is proved that the function 

1 r /sin ^ \ 29+4 / i \ 2u+1 ( t \ 2(1+1 

Q(x) = -J Q S t (f, x, „, M ) ^— f J (^sin - j j^cos - j *, 



where 



t \ 2<3+4 , . 2f+l / , x 2/1+1 



sin f \ * ' V . f \ / t 
T 



is an algebraic polynomial of degree not greater than n—l. Applying the generalised 
Minkowski's inequality we get 

En(f)p,a,P < 11/ " Q\\ p a p < — I' \\St(f, X, V,H) ~ f(x)\\ p a p 

lm Jo 

sin mJ A 2 9 +4 f A 2,+l ( ^2/i+l 



sin | 



sin - I l C0S 2 '' L 



In [21 p. 47] it is proved that under the conditions of the lemma we have 
\\S t (f,x, - /(x)|| p!Q ^ < di 2 \\D x .^f(x)\\ pa , 
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where constant C± does not depend on / and t. Hence we get 

E n (f)p, a ,/3 < Cl \\D x ^f(x)\\ paJS 



1 



7m JO 



sin • 



t \ 2 9 +4 



sin - 



. t 

sm — 
2 



2i/+l 



iS - 

2/ 



2/i+l 



dt. 



Applying a standard estimate of Jackson's kernel [H p. 233-235] we obtain 

C C 



Lemma 12751 is proved. 



□ 



Corollary 2.1. Let numbers p, a, f3, v, and fi satisfy the conditions of Lemma \'l.h\ 

For f(x) £ AD(p,a, /3) the following inequality holds true 

C 

E n (f)p,a,fl 5: ~2 En (E x ,u,fif)p a p j 

where constant Co does not depend on f and n. 

Proof. Let P n (x) be the algebraic polynomial of best approximation of the function 
D x ,u,iif{x) of degree not greater than n— 1. It is obvious that the polynomial P n (x) 
may be written in the following form 

n-l 

P n (x) = '£\ k P^\x). 



k=Q 



Put 



n-l 



g{x) = f{x) + r77- l -r-A ^ix). 
^ k(k + v + fx + 1) 



From Lemma \2 .51 it follows that 2, p. 171] 
C 

E n {g) PiaiP < ~2 \\D x ^g{x)\\ p a fj 



Ci 
n 2 



D x ,„, u f(x) + 



A, 



k=0 



k(k + v + n + l) 



-D P 



X,U,p->- k 



(x) 



Ci 



n-l 



fc=0 



Ci 



Thus, considering that the function f(x) — g(x) is an algebraic polynomial of degree 
not greater than n — 1, we obtain 



E n (f)p,a,p < E n (f - g) PtOCi p + E n (fl , )p, Q . )| g = E n (g) PlCtt p 



Ci 



□ 



The corollary is proved. 
Note that an analogue to the corollary is given in [10] . 

3. Statements of results 

Now we formulate and prove our results. 

Theorem 3.1. Let be given numbers p, a, j3, v, [i and r such that 1 < p < oo, 
reN,v>(i> —\; 

(1) ifv = fi = -\, then a = /3 = -i; 
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(2) ifv = fj,>—h, then a = (3, an 
1 



2 < a < v forp=l, 
± <a<v+ l --±- forl<p<oo, 

< a < v + — for p = oo ; 



(3) if ' v > [i = — o , then j3 = — ^z, and 



1 / 

-- < a < v forp=l, 

_i<a<„+±-i forl<p<oo, 

< a < v + — for p = oo ; 



(4) if v > (j, > —h, then v — [i > a — /3 > 0, and 



~ < P < M forp=l, 

-— <P<fJ.+ ~-— forl<p<oo, 
2p 2 2p 

< f3 < fj, + — for p = oo. 



Let if be a function of modulus of continuity type such that 



1 V 7 

j=n+l J VJ 

where constant C\ does not depend on n. Let f(x) € L Pt0!i p. Necessary and suffi- 
cient condition for the function f{x) to have the derivative of order 2r — 1 inside 
of the interval (—1,1) and 

En {Dl, v j) p ^ < C*p (i 

is that the following inequality is satisfied 

E n {f) P ,a,0 < C 3 n- 2r ^ (- 

\n 

where constants Gi and C3 do not depend on f and n. 

Proof. The necessity of the condition is implied by induction directly from Corol- 
lary [2TT] We prove that the condition is sufficient. 

Let P n (x) be the algebraic polynomial of best approximation of the function /. 
We consider the sequence of polynomials Qu (x) given by 

Qk(x) =P 2 *(x)-P 2 *-i(x) (k = 1,2,...) 

and Qo(x) = Pi(x). From the conditions of the theorem, considering the properties 
of the function ip for k > 1 it follows that 

(2) \\Qk\\ PtChfi = \\P» - P*-A\ P , a , ? < ^ (f) p , a ,p + E»-r (f)^ 

< 2^-1 (f) P<a , < c^-^p (-Ij) < a 5 2~-> (1) . 
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Applying Lemma |2. II twice we get 

\\Dx,»,Mx)\\ p<at0 < + di" - H + I" + M + 2|) ||OUaf)llp,a, j9 

< C 6 2 2fc ||<3fc|| p Qi/ 3 , 

where constant Cg does not depend on k. Applying this inequality r times we 
obtain 

\\^Qk(x)\\ p ^<C 7 ^\\Q k \\ Pia> ^ 
Thus inequality @ yields 

AT ff , 

J2\\D:,^Q k ( X )\\ P!ai0 <c s j2^{ ¥ 

k=l k=l V 



Noting that 



7 ■ \ 7 / ■>-,- -r,-- , 2 fc / ^ 7 ~~ V 2 fe 



considering the conditions of the theorem we have 



fc=l fc=l 7 = 2 fc VJ/ fc=l 



1 / 1 



fc=l j=2 fc 

Since 



fc^U <o °- 



fc=0 

from the inequality ([2]) and the conditions of the theorem it follows that for every 
segment [a, b] C (— 1, 1) the series X)fc°=o Qk( x ) converges in terms of L p [a, b] metrics 
to the function f(x). Since the series 

00 

fc=0 

also converges in terms of L p [a,b] metrics, then [H p. 202] these series converge 
to the function D^. v f{x). This way we showed that the function f(x) has the 
derivative of order 2r — 1 absolutely continuos on every segment [a, b] C (—1, 1). 
Now we estimate the expression 

I=\\D:^f(x)~D r x ^P 2N (x)\\ p ^. 
From what we said above it is obvious that 



00 



k=N+l k=N+l 

< 



\ / k=2 N + 1 X 7 

Hence we conclude that 

1 ± C »* (2^) * ^ 

Put 

Rn(x) = Dl^P 2N {x) (2 N <n< 2 N+1 ); 
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we have 

En f/W> ; : < \\DI, V J{X) ~ Rn(x)\\ p ^ 

1 \ „ fl 



(=) 



< <W ^ ) < <W ^ 

Theorem 13. II is proved. □ 
Note that for a power function (p(5) = 5 X , the assertion of the theorem is given 

in ng. 

Theorem 3.2. Let be given a function tp of modulus of continuity type and num- 
bers p, a and /3 such that 1 < p < oo; 

a < 2, /3 < 2 forp=\, 

a < 3 , /3<3 /or 1 < p < oo. 

V V 

Let f e Lp^.p. If 

u(f,6) v<ai0 <Mp(6), 

then 

E n (f) p , a ,fi < CMip 
where constant C does not depend on f , M dhe n. 

Proof. From the properties of the function tp it follows that there exists a constant 7 
such that for every I > the following inequality is satisfied 

<p(it) <CiO + i)M*), 

where constant C\ does not depend on I and t. 
Indeed, if I < 1, then 

<p(U) < C Vtl (p(t), 

i.e. we get 7 > 0. If I > 1, then choosing the positive integer m such that 

2 m_1 < / < 2 m 

we have 

¥>(it) < C ¥ ,i¥>(2 ro i) < C v sC™Mt)- 
We choose the positive integer N such that 

2 W - 1 < C vfl < 2 N , 

getting 

f{U) < C v>1 2 Nm <p(t) = C v , 1 2 N 2 N( - m ~ 1 ^(t) < C 2 (l + l) N <p(t), 
i.e. 7 > N. 

We choose a 7 > and a positive integer q such that 2g > 7, and for every 
positive integer n we choose the positive integer m satisfying the condition 

.„. n — 1 n — 1 

(3) < m < + 1. 

V ' q + 2 ~ q + 2 

It is easy to prove that under the condition of the theorem we have / € i 1,2.2 • 
Thus, for those q and m the algebraic polynomial Q(x) defined in Lemma [231 is an 
algebraic polynomial of degree not greater than n — 1 . Hence 

< ||/(a!) - Q(x)\\ p>a , 

■it \ 29+4 



— r (f(x)-f t (f, X ) 

7m Jo V 



sin I 



f- sin 3 i 
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Applying the generalised Minkowski's inequality we obtain 

X 2<?+4 

sin 3 t dt. 



I /■ - / ; . . ml \ 2< i+ A 



E n (f) p , a , <— T t (f,x)-f(x) 

7m Jo 



p,a,/3 \ sin I 



There from by the conditions of the theorem we get 

it x 2<?+4 



M r /sin — \ 
E n (f) p , a ,0<— <p{t) — -f-J sin 3 id*. 



Since 

<p(t) =<p[ 11I ■ - ) fill 1- //M" y - ( - ) . 

we have 



M /1\ r\ /sin 



E„(f) p , a ,p < Ct— if - / (l + „i)7 _|_ S in^dt 

7m V"/ JO V Sin f 



J x 2g+4 
2 \ „;„3. 



1\ rC 



< C 3 Mip - 1+ — / f [ —r^t sin 3 t dt 



n/ I 7m Jo V sm § 



t x 2 9 +4 



Applying now the standard estimate of Jackson's kernel and the inequality <j3j) we 
obtain 

E n {f) P , a ,f> < CtMtp OA (1 + ™%^) < C 5 M<p Q 



Theorem 13.21 is proved. □ 
Theorem 3.3. Let be given numbers p, a and fj such that 1 < p < 00; 

a>l-— , 0>1- — /or l<p< 00, 
2p 2p 

a > 1, /3 > 1 /or p = 00. 

Lef ip be a function of modulus of continuity type such that inequality ([1} /or 

fl ox 3 1 o 3 1 

A = max||a-/3|, a -- + -,/3-- + - 

and inequality 

(4) |>Q) < c ^vQ 

are satisfied, where constant C v ^ does not depend on n. Let f £ L p , a ,^- If 

E n (f) P ,a,p <M<p(^ 
then 

Z(f,S)p,a,0 < CMip(S), 

where constant C does not depend on f , M and 8. 

Proof. Let P n (x) be the algebraic polynomial of best approximation of degree not 
greater than n — 1 of the function /. Let the polynomials Qk(x) be given by 

Q k (x) = P 2k {x) - P 2k -x(x) (fc = l,2,...) 

and Qo(x) — P±(x). Since for k > 1 we have 

\\Qk\\ p . a ^ < E 2k (/) PiCt)( g + E 2 k-i (f ) p ^p , 

considering the conditions of the theorem we have 



(5) 



\\Qk\\ Pta ,p<CiM<p(J^ 
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We estimate the expression 



/ = 



f t (f,x)-f(x) 



p,a./3 



Let < \t\ < S. Since the operator T t (f,x) is linear, for every positive integer N 
we have 



/ < 



f t (f-P 2 »,x)-{f(x)-P 2 N(x)) 



Since P 2 n(x) = Y,k=o Qk{x), we get 



/ < 



T t (f-P 2N ,x)-(f(x)-P 2N (x)) 



f t (P 2 N,x)-P 2 N(x) 



N 



\\ft {Qk,x) - Qk(x) 



k=Q 



p,a,(3 



p,a,f3 
N 



fc=i 



Let N be chosen so that 



(G) 



TV IT 



We prove that the following inequalities are satisfied 
(7) J < C 2 Mip(5) 

and 

1 



(8) 



h < C 3 MS 2 2 2k Lp 



2 k 



where constants C 2 and C3 do not depend on /, M, S and k. 

First we consider J. Applying Lemma l2~2l to the function $(x) = f(x) — P 2 n (x) 
considering that \t\ < S we obtain 



J < 



T t (*,x) 
< 



p,a,f3 



Ca(\\M + <5 2(7l+72) ll$ll „ + <5 273 ll$ll 

\\^\\p,a,P T " H Hp,a-7i„S-72 T U H Hp,a-73,£-73 

1 ^2(71+73+73) 11*11 
~ II llp,a-7i— 73, /5— 72-73 

where numbers 71, 72 and 73 are chosen by the conditions of Lemma l2.2l Applying 
Lemma 12.41 considering the conditions of the theorem we obtain 

J < C 5 M<fi (Jffj (l + j2(7!+72) 2 -2^(7x+72) 

_|_ J2732-2W73 _|_ ^2(71+73+73)2-2^(71+72+73)^ 

for X > \q+e, where constant C5 does not depend on /, M and 5, and either e = 
or e is an arbitrary number from the interval < e < ^. Hence this inequality 
holds true for every A > Ao . Finally, applying the inequality © and the properties 
of the function ip we obtain 

J < C 6 M<p (J-) < C 7 M<f(6). 

Thus inequality ([7]) is proved. 

Now we prove the inequality ([5]). It can be proved that [13] 



h < C 8 6 2 2 2k I 



\p,a,/3 ' 
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where constant Cg does not depend on M, 5 and k. Hence inequality §5§ yields 

h < C 9 MS 2 2 2k ^ (J^ 

Inequality ([5]) is proved. 

Inequalities ([7]) and © imply 

I<C w M^p{5)+5 2 J^2 2 % Q- 

Note that 

j—2 k j—^ k 

Hence considering the inequality (jj) we have 

N , » TV 2^-1 , . 2" + ! /r 



fc=l v 7 fe=l j=2 fc fc=l 

There from, applying the inequality (J6j) we get 



I < C 15 M [ <p(5) + 5 2 2 2N V ( -L ) ) < C 16 M<p{5). 



This way for < \t\ < 5 we proved that 

f t (f,x)-f(x) <C 16 <p(S), 

p,a,p 

where constant C\q does not depend on / and t. Taking into consideration that 
To (/, x) — f(x), we conclude that this inequality also holds for t = 0. Thus the 
last inequality implies 

w(/ ) *)p,a,/J<C , i 6 M ¥ »(*). 

Theorem 13.31 is proved. □ 



Theorem 3.4. Let be given numbers p, a and f3 such that 1 < p < oo; 

i<a<2, \<P- 2 forp=l, 

l--^-<a<3--, 1 — < /3 < 3 forl<p<oo, 

2p p 2p p 

1 < a < 3, 1<^<3 forp = oo. 

Let ip be a function of modulus of continuity type such hat inequality (|TJ) fo 

fl ol 3 1 o 3 1 

A = max||a-/3| ) a-- + -,/3-- + - 

and inequality Q are satisfied. Let f € L Pt0li p. For 

I 



En(f)p,a,0 < Clip 

it is necessary and sufficient that 

where constants C± and Ci do not depend on f , n and 8 
Theorem 13.41 is implied directly by Theorems 13.21 and 
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Theorem 3.5. Let be given numbers p, a, ft, v , fj,, r, vq and [1q such that 1 < p < 



oo,re NU{0}, v>^> -i, 



11 [51 



Vo = m m^u,--->, /i0 = mm , Mi ___ 



(1) if v = n > i then a = f3, and 



1 f 

- < a < f forp=\, 

1 1 1 

1- — <ct<v + -- — for Kp < co, 
2p 2 2p 

1 < a < v a + i for p = oo; 

(2) if v > [i> i, i/ien ^ — /i>a — /3>0, and 

^ < 13 < Ho forp=l, 

l--r-< ( #</i + -- -^- / or 1 < P < oo, 
2p 2 2p 

1 < /3 < Mo + T for p = co- 

Let if be a function of modulus of continuity type such that inequality JTJ) /or 

fl 3 1 o 3 1 

A = maxj|a-/3|,a-- + -,/3-- + - 

and inequality ([4]) are satisfied. Let f g L p , a ^. Necessary and sufficient condition 
for 

E n {f) P , a ,fs < ( 1 

is that the function f(x) has the derivative of order 2r inside of the interval (—1, 1) 
satisfying the condition 

u(D r x ^J,5) pa0 <CM6), 
where constants C\ and C2 do not depend on f , n and S, while D® ^/(x) = f(x). 
Theorem 13.51 is implied by Theorems 13.41 and 13.11 

Note that for ip(S) = S x , 2A < A < 2 and r = Theorem 1331 is proved in [13]. 
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